A numerical study of static, spherically symmetric monopole solutions of a spontaneously broken SU(2) gauge theory coupled to a dilaton field is presented. Regular solutions seem to exist only up a maximal value of the dilaton coupling. In addition to the generalization of the 't Hooft-Polyakov monopole a discrete family of regular solutions is found, corresponding to radial excitations absent in the theory without dilaton.
The aim of this paper is to present a detailed numerical study of classical solutions of an SU(2) Yang-Mills-Higgs (YMH) theory coupled to a (massless) dilaton (DYMH), when the Higgs field is in the adjoint representation. Dilaton fields appear naturally in low energy effective field theories derived from superstring models [1, 2, 3] . As previous studies have already shown [4, 5] the inclusion of a dilaton in a pure Yang-Mills (YM) theory has drastic consequences already at the classical level. In particular the dilaton Yang-Mills (DYM) theory possesses finite energy 'particle-like' solutions which are absent in the pure YM case. The same phenomenon happens in the Einstein-Yang-Mills system where non-singular finite energy solutions have been discovered some time ago [6] .
The above YMH model without a dilaton field is known to possess nonsingular, finite energy solutions, describing magnetic monopoles [7] . In the present work we study static, spherically symmetric solutions of the DYMH theory. Our results show a striking similarity to those obtained in the corresponding YMH theory coupled to gravity (EYMH) [8] . In the DYMH theory there is a finite energy abelian solution for all values of the dilaton coupling α. Based on numerical investigations there is a strong indication for the existence of a finite energy nonabelian monopole up to only a maximal value of α, α m . The nonabelian monopole merges with the abelian one at a critical value of α, α c . In limit when the dilaton decouples the nonabelian solution joins smoothly the 't Hooft-Polyakov monopole. If the Higgs self coupling, β, is in the interval [0,0.6] α m (β) and α c (β) are different and with close analogy to the EYMH theory there are two different solutions if α c < α < α m .
In addition to the 'fundamental' monopole there is good numerical evidence that a countable family of globally regular solutions exits for 0 < α < √ 3/2 independently of β. As their energy is higher they can be interpreted as excitations of the fundamental monopole. In the limit when the dilaton filed decouples their energy diverges. There is another limit when the DYMH theory reduces to the DYM model and then these excitations tend to the solutions discovered in refs. [4, 5] .
The action of our model is given by
where a = 1,2,3, and the Higgs potential is
The couplings of the scalar field ϕ has been chosen so that the action (1) possesses the following dilatational symmetry
which can be used to fix the value of ϕ arbitrarily at any point. With the
rescaling of variables the only remaining dimensionless parameters are
where M W = vg and M H = v √ λ are the characteristic masses of the theory. Without further restrictions one can assume α ≥ 0. Let us mention here that the action of the DYMH theory (1) can be obtained from the Einstein-Yang-Mills-Higgs action by restricting the metric to the special conformstatic form ds 2 = e 2φ dt 2 − e −2φ dx i dx i .
We use the minimal static spherically symmetric ansatz with zero 'electric' field
After the rescaling (4) the action (1) reduces to
using the ansatz (6) . Varying (7) we obtain the equations of motion:
Solutions regular at the origin must satisfy the following boundary conditions (b.c.):
i.e. there is a three parameter (a, b, ϕ 0 ) family of regular solutions at r = 0. The local existence can be proved following the procedure discussed in [9] For r → ∞ the corresponding 'regular' b.c. are
parametrized by (ϕ ∞ , d, B, C), where µ = e −αϕ∞ , ρ = r + αd ln r. For β > 2 we cannot fully parametrize the stable manifold at r = ∞. Exploiting the virial theorem and using Eqs. (8), (9) and (10) one obtains for the energy (7)
We discuss first an exact two parameter family of solutions of Eqs. (8) which is going to play an important role in our further analysis, since it descibes the asymptotic behaviour of nonabelian solutions. Consider the singular abelian monopole, W ≡ 0, H ≡ 1 then the general solution of (8) takes the form with A 2 , M ∈ R. For M > 0 and A real it is regular for all r > 0. Its energy, E Eq. (7), is infinite unless A = 0. For A = 0 the total energy of the solution (12) is finite, E = M/α. When M < 0 and A is real the solution is singular at r = −αM and the energy diverges. If A is imaginary for any value of M the solution becomes singular at some r > 0. Using the dilatational symmetry (3) from now on we set ϕ ∞ = 0. Note that then the energy scales as E → exp(−αϕ ∞ )E. The finite energy abelian solution for ϕ ∞ = 0 reads
and its energy is simply E = 1/α. It satisfies the following first order differential Eq.
which is derivable from a Bogomolny type bound [5] in the background W ≡ 0, H ≡ 1. The asymptotic behaviour of finite energy nonabelian solutions is described by (12). With the help of Eq. (11) we arrive at the following useful formula for the total energy of globally regular nonabelian solutions:
where A, M are parameters of ϕ a describing their asymptotic behaviour. For globally regular solutions of (8) satisfying the b.c. (9), (10) the energy (7) is a monotonically increasing function of the Higgs coupling β and monotonically decreases with the dilaton coupling α. (We remark here that the condition ϕ ∞ = 0 is essential to prove these facts.)
We have numerically integrated a suitably desingularized version of Eqs. (8) from r = 0 using the b.c. (9) . We set ϕ 0 to zero in order to have to vary only two parameters. By adjusting the parameters a, b we suppressed the divergent modes in the asymptotic region according to (17). The resulting solutions can then be transformed to satisfy ϕ ∞ = 0 by the dilatational symmetry (3).
We found that there exist a fundamental nonabelian monopole solution for all β below a maximal value of α, α m which smoothly joins the 't Hooft-Polyakov monopole in the α → 0 limit. Some solution curves for β = 0 are shown in Fig. 1 . For the parameters see Table 1 .
There is a critical α value, α c , where the dilaton field becomes logarithmically divergent while W and H tend to some nontrivial functions as can be seen on Fig. 1 . After shifting ϕ ∞ to 0 the fundamental monopole tends to the finite energy abelian one as α → α c . For β 2 ≤ 0.06 α c is seen to differ from α m (see Table 2 ). It means that for a given α in the interval [α c , α m ] there There also seems to exist a countable family of globally regular monopole solutions indexed by the number zeros of W (r) for all β and 0 < α < √ 3/2. They can be interpreted as radial excitations of the fundamental monopole. In the α → 0 limit after a suitable rescaling they can be identified with the previously discovered DYM solutions [4] , [5] . We illustrate some of these excited solutions with one and two zeros for α various values on Figs. 2 and 3, while the corresponding parameters are listed in Table 3 and Table 4 . When α → √ 3/2 for the excited solutions the dilaton diverges logarithmically again while the zeros of W go rapidly to infinity, except for the innermost one. For √ 3/2 < α < 1 there is a surviving solution with a single zero of W and with divergent ϕ existing up to α = 1, where W develops an extra divergent mode, so for α > 1 this solution is not expected to exist. There also exists another type of limiting solution when the number of zeros of W goes to infinity for all 0 < α < √ 3/2 and the dilaton field diverges logarithmically. If one shifts, however ϕ ∞ to 0 then all of the excited monopoles merge with the finite energy abelian solution for α → √ 3/2. The fundamental and the excited monopoles up to six zeros are plotted on Fig. 4 . In order to better display the higher zeros of W we plotted √ rW . Notice that the newer zeros appear nearer and nearer to the origin. The structure of the solutions can be understood from the linearization of the field equations (8) around the abelian monopole (12). Using the
variables, from the linearized field equations one finds for 1/M ≪ α/r ≪ 1/|A| (where ϕ a ≃ ln(r/α)/α) that the solutions are well approximated by: ψ ∼ e λ ψ τ , h ∼ e λ h τ , w ∼ e λwτ whereτ = ln r and the 'frequencies' are
So we see that in this 'middle' region W oscillates with an amplitude decaying like 1/ √ r. If M → ∞ (i.e. αE → 1) this region streches out to infinity, while W has more and more zeros when α < √ 3/2. This behaviour is a similar to the one found in the DYM case in the interval where ϕ grows logarithmically. If α > 1 W we do not expect the corresponding solution to exist. In the asymptotic region defined by r ≫ |αA coth(A/M )|, r ≫ µ −1 (where µ = | sinh(A/M )/A| and ϕ a ≃ − 1 α ln µ) the linear corrections β = 0 are characterized by ψ ∼ e λ ψ τ , w ∼ e λwr , h ∼ e λ h r , with
while h ∼ e λ h τ and λ h = (0; +1) for β = 0. The energy of the solutions goes rapidly to 1 if the number of oscillations of W increases (see Table 5 ). We have determined the energy of the solution by fitting the parameters A, Parameters of the solutions for α = 0.2 and β = 0 in Fig. 4 For not too large β values (β ≤ 3) αE of the fundamental monopole becomes larger than 1 unlike for the excited ones. For β = ∞ this maximum is 1.
We make finally some remarks on the stability of the solutions. The 't Hooft-Polyakov monopoles are stable since they are solutions with minimal energy [10] . It is natural to expect the fundamental monopoles to remain stable in the DYMH case for α > 0. For sufficiently small β, however, where the mass of the fundamental monopole is larger than that of the abelian one, the nonabelian solution is expected to become unstable against large perturbations. If α c = α m there is a bifurcation point where the linear stability of the solutions can change. In the EYMH case this change of stability has been shown in [11] . The excited monopoles are expected to be unstable for all α since their energy is significantly larger than that of the fundamental ones. This heuristic argument is strengthened by the fact that in the α → 0 limit their counterparts are known to be unstable [5, 4] . 
